Abstract: Dynamic deformation of target is a prominent problem in image-based tracking. Most existing particle filtering based tracking algorithms treat deformation parameters of the target as a vector. We have proposed a deformable target tracking algorithm via particle filtering on manifolds, which implements the particle filter with the constraint that the system state lies in a low dimensional manifold: affine lie group. The sequential Bayesian updating consists in drawing state samples while moving on the manifold geodesics; this provides a smooth prior for the state space change. Then we estimate affine deformation parameters through means on lie group. Theoretic analysis and experimental evaluations against the tracking algorithm based on particle filtering on vector spaces demonstrate the promise and effectiveness of this algorithm.
INTRODUCTION
Object tracking in an image sequence, which is now an active area of research in computer vision, is widely applied to vision guidance, surveillance, robotic navigation, human-computer interaction, etc. Dynamic deformation of target is a distinct problem in image-based tracking.
Conventional correlation-based trackers [1, 2] use either a region's gray information or edges and other features as the target signatures, but it is difficult to solve the problem of object region deformation in the tracking. Over the last 10 years, numerous approaches [3] [4] [5] [6] [7] [8] [9] [10] have been proposed to address this problem. The main idea of them is molding geometric parameter models for the image motions of points within a target region. The parameter models including affine model, projective model or other nonlinear models. The classic Lucas-Kanade tracker [3, 4] and Meanshift tracker [5] get the model parameters through gradient descent which minimizes the difference between the template and the current region of the image. These methods are computationally efficient. However, the methods may converge to a local maximum: they are sensitive to background distractors, clutter, occlusion, quick moving objects. These problems can be mitigated by stochastic methods which maintain multiple hypotheses in the state space and in this way, achieve more robustness to the local maximum. Among various stochastic methods, Particle Filters [5] [6] [7] [8] [9] [10] are very successful. Particle filters provide a robust tracking framework as they are neither limited to linear systems nor require the noise to be Gaussian. Particle filters simultaneously track multiple hypotheses and recursively approximate the posterior probability density function in the state space with a set of random sampled particles.
Many papers, such as [5] [6] [7] [8] [9] [10] utilize particle filter method to track deformable target. They use affine transform as parameter model, and the six affine parameters were treated as a vector. However, the affine parameters belong to spaces which are not vector spaces, but instead a curved Lie group. In general, the system state of the particle filter lies in a constrained subspace whose dimension is much lower than the whole space dimension. Only a few recent papers have tried to use the geometry of the manifold to design Bayesian filtering algorithms [11, 12] .However, there is little discussion in the literature using the intrinsic geometry of manifold to develop particle filter based tracking algorithms.
In this paper, we pursue a geometric approach to particle filter, study the geometry structure of affine lie groups, and propose a deformable target tracking algorithm through particle filtering on manifolds, which implement the particle filter with the constraint that the system state lies in a low dimensional manifold, The sequential Bayesian updating consists in drawing state samples while moving on the manifold geodesics; this provides a smooth prior for the state space change. Theoretic analysis and experimental evaluations against the tracking algorithm based on particle filtering on vector spaces demonstrate the promise and effectiveness of this algorithm.
The paper is organized as follows. In Sec.2, The mathematical background is described. Sec.3 describes the deformable target tracking algorithm via particle filtering on manifolds. Results on real image sequences for evaluating algorithm performance are discussed in Sec.4. Sec.5 concludes this paper.
MANIFOLD AND LIE GROUP
The tools used here come primarily from differential geometry. For more information on these subjects, the reader is referred to [13, 14] .
A manifold is a topological space that is locally similar to an Euclidean space. Intuitively, we can think of a manifold as a continuous surface lying in a higher dimensional Euclidean space. Analytic manifolds satisfy some further conditions of smoothness [14] . From now onwards, we restrict ourselves to T is shown in Figure 1 . The solid arrow ∆ is a tangent at x . The distance between two points on the manifold is given in terms of the lengths of curves between them. The length of any curve is defined by an integral over norms of tangents [15] . The curve with minimum length is known as the geodesic and the length of the geodesic is the intrinsic distance. Parameter spaces occurring in computer vision problems usually have well studied geometries and closed form formulae for the intrinsic distance are available.
Tangents and geodesics are closely related. For each tangent x T ∆ ∈ , there is a unique geodesic starting at x with initial velocity ∆ . The exponential map, exp x maps ∆ to the point on the manifold reached by this geodesic.
A Lie group is a group with the structure of an analytic manifold such that the group operations are analytic, i.e. the maps
are analytic [13] . The local neighborhood of any group element G can be adequately described by its tangent-space. The tangent-space at the identity element forms its Lie algebra.
The set of nonsingular n n × square matrices forms a Lie group where the group product is modeled by matrix multiplication, usually denoted by ( , ) GL n R for the general linear group of the order n . Lie groups are differentiable manifolds on which we can do calculus.
In our task, we use affine transformation as parameter model. The set of all affine transformation forms a matrix Lie group. 
TRACKING MODEL

Dynamical Model
Dynamical model, also known as state transition model, can describe transition of object state in tracking process. In visual tracking problems, it is ideal to have an exact state transition model. In practice, however approximations models are used. The deformation and location of a target object in an image can be represented by affine transform. In this work the state at time t consists of the six parameters of an affine transformation. 2-D affine transformation of the image can be written as: The tracking algorithm will not require the explicit functional form of the prior density; it will be depend on the samples generated from the prior density. In a Markovian time-series analysis, often there is a standard characterization of a time-varying posterior density, in a convenient recursive form. This characterization relates an underlying Markov process to its observations at each observation time via a pair of state transition equations. The following algorithm specifies a procedure to sample from the conditional prior ( ) The algorithm 1 consists in drawing state samples while moving on the manifold geodesics. This geodesics sample give a dynamics-based smoothing prior on the state transition space. Figure 2 is an illustration of this geodesics sample process.
Observation Model
Next we specify the probability model for the observed images.
( ) 
EXPERIMENTAL RESULTS
In order to evaluate the performance of the proposed tracking algorithm based on Particle Filtering on Manifold, referred as PFOM in this paper. We compared this algorithm to tracking algorithm based on Particle filtering on vector space ( ) PFOV [5] [6] [7] [8] [9] [10] with the same real image sequences. Two typical image sequences with deformable targets were tested using this algorithm. Thus, the performance of the two algorithms has been compare with the same experimental setup. The first sequence contains 150 frames of images, the size of each frame is 768 576 × th frame the likelihood of PFOM is always larger than PFOV .This is due to the fact that the target hasn't experiences rotation and shear changes before 150 th frame, just translation. In summary, we observe that the PFOM tracker outperforms PFOV in the scenarios of scale, rotation, and shear changes of target. 
CONCLUSION
In this paper, we have proposed a deformable target tracking method based on Particle Filtering on Manifolds. The advantage of this new approach is carrying Sequential Monte Carlo method over the affine Lie group, which consider the geometry prior of the parameter space. Compared with the particle filtering on vector space based tracker in the literature, our method is more robust and promise. 
